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SEPARABLE-STABLE REPRESENTATIONS OF A
COMPRESSION BODY
INKANG KIM AND MICHELLE LEE
Abstract. Let M be a hyperbolizable, nontrivial compression body
without toroidal boundary components. In this paper, we characterize
which discrete and faithful representations of pi1(M) into PSL(2,C) are
separable-stable. The set of separable-stable representations forms a
domain of discontinuity for the action of Out(pi1(M)) on the PSL(2,C)-
character variety of pi1(M).
1. Introduction
Recently, the study of the dynamics of Out(pi1(M)) on the PSL(2,C)-
character variety of pi1(M), for a compact hyperbolizable 3-manifold M
with nonempty boundary and no toroidal boundary components, has led
to the somewhat surprising discovery that often the dynamical and geomet-
ric decompositions of the PSL(2,C)-character variety do not coincide. The
PSL(2,C)-character variety of pi1(M), denoted X (pi1(M),PSL(2,C)), is the
geometric quotient of Hom(pi1(M),PSL(2,C)) by inner automorphisms of
PSL(2,C). Sitting inside X (pi1(M),PSL(2,C)) is AH(M), the set of dis-
crete and faithful representations, which can equivalently be thought of as
the deformation space of hyperbolic 3-manifolds homotopy equivalent to M.
The action of Out(pi1(M)) on the interior of AH(M) is properly discontin-
uous (see Canary [5]), but if M has a primitive essential annulus, the action
cannot be properly discontinuous on all of AH(M) (Canary-Storm [6]).
Minsky in [25] was the first to observe that there exists a domain of dis-
continuity, called the set of primitive-stable representations, for Out(pi1(M))
containing the interior of AH(M) as well as points on ∂AH(M), when M is
a handlebody. In particular, the set of primitive-stable representations con-
tains both discrete and faithful representations and dense representations.
Jeon-Kim-Ohshika-Lecuire [12] gave a complete criterion for a discrete and
faithful representation to be primitive-stable in terms of disc-busting proper-
ties of the ending lamination and parabolic loci of the associated hyperbolic
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3-manifold. In her thesis [19], the second author gave a generalization of
the primitive-stable condition to representations of the fundamental group
of a compression body into PSL(2,C), called the separable-stable condition,
and she showed that the set of separable-stable representations is a domain
of discontinuity for the action of Out(pi1(M)) that contains the interior of
AH(M) as well as point on ∂AH(M). In this paper, we give a characteriza-
tion of which discrete and faithful representations of pi1(M) into PSL(2,C)
are separable-stable analogous to the Jeon-Kim-Ohshika-Lecuire criterion.
A compression body M is the boundary connect sum of a 3-ball, a collec-
tion of trivial I-bundles over surfaces, and a handlebody, where the other
components are connected to the 3-ball along disjoint discs. Its fundamental
group is a free product of closed surface groups and a free group. If M is
not the boundary connect sum of two trivial I-bundles over closed surfaces,
then an element in pi1(M) is separable if it lies in a proper factor of a free
decomposition of pi1(M). If M is the boundary connect sum of S1 × I and
S2 × I, where S1 and S2 are closed surfaces, then an element is separable if
it lies in a factor of a decomposition pi1(M) ∼= A∗〈c〉B, where c is homotopic
to a simple closed curve on S1 or S2.
A homomorphism ρ : Γ→PSL(2,C) is separable-stable if every geodesic
defined by a separable element in the Cayley graph of Γ is mapped to a
uniform quasi-geodesic in H3. See Section 2.2 for a precise definition. For
any discrete and faithful representation ρ : pi1(M) → PSL(2,C) we let Nρ
denote the corresponding hyperbolic 3-manifold obtained from taking the
quotient H3/ρ(pi1(M)).
The main theorem of this article is:
Theorem 1.1. Let M be a nontrivial hyperbolizable compression body with-
out toroidal boundary components that is not the boundary connect sum of
S1 × I and S2 × I, where S1 and S2 are closed surfaces with genus at least
two. Let ρ be a discrete and faithful representation of pi1(M) into PSL(2,C).
Then, ρ is separable-stable if and only if in Nρ, each component of the par-
abolic loci and each ending lamination is disc-busting.
A measured lamination λ is disc-busting if there exists η > 0 such that
i(λ,m) ≥ η for all unweighted meridians m. Otherwise it is disc-dodging.
We say that an ending lamination is disc-busting if it is the support of a
measured lamination that is disc-busting. Such a lamination is used by
Jeon-Kim-Ohshika-Lecuire in [12] for the characterization of primitive sta-
ble representations of free groups, and has a root in doubly incompressible
laminations (see Kim-Lecuire-Oshika [14] or Lecuire [18]). In [20], the sec-
ond author showed that representations obtained by pinching Masur domain
curves or Masur domain laminations on ∂M are separable-stable.
For the case where M is the boundary connect sum of S1 × I and S2 × I
where S1 and S2 are closed surfaces, we establish the following analogous
characterization of the set of discrete and faithful representations that are
separable-stable.
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Theorem 1.2. Let M be the boundary connect sum of S1 × I and S2 × I,
where S1 and S2 are closed surfaces with genus at least two. Let ρ : pi1(M)→
PSL(2,C) be a discrete and faithful representation. Then, ρ is separable-
stable if and only if in Nρ, each component of the parabolic loci and each
ending lamination is annulus-busting.
A measured lamination λ is annulus busting if there exists η > 0 such
that i(λ, ∂A) ≥ η for any essential annulus A.
2. Preliminaries
2.1. Compression bodies. A compression body is a compact, orientable,
irreducible 3-manifold M with a boundary component, ∂eM, called the exte-
rior boundary, such that the inclusion i : ∂eM ↪→M induces a surjection on
the level of fundamental groups i∗ : pi1(∂eM)  pi1(M). The other boundary
components are called interior boundary components. Equivalently, a com-
pression body is the boundary connect sum of a 3-ball, a collection of trivial
I-bundles over surfaces, and a handlebody, where the other components are
connected to the 3-ball along disjoint discs.
The fundamental group of a compression body can be decomposed as
a free product, pi1(M) ∼= G1 ∗ G2 ∗ · · · ∗ Gn, where Gi is isomorphic to a
closed surface group for 1 ≤ i ≤ k and Gj is infinite cyclic k < j ≤ n.
By Grushko’s theorem ([10]) and Kurosh’s subgroup theorem ([16]), any
other decomposition of the fundamental group into a free product, pi1(M) ∼=
H1 ∗H2 ∗ · · ·Hm, where each factor is freely indecomposable, satisfies n = m
and Hi ∼= Gi, up to re-ordering.
A compression body is trivial if i∗ : pi1(∂eM)→ pi1(M) is an isomorphism,
i.e. if M is a trivial I-bundle. We say that M is uniquely freely decompos-
able if M is the boundary connect sum of two trivial I-bundles over closed
surfaces since, in this case, the decomposition of pi1(M) is essentially unique.
An essential disc in M is a properly embedded disc whose boundary is
nontrivial in ∂M. A compression body M has the property that any splitting
of pi1(M) as a free product or as an HNN-extension over the trivial group can
be realized by an essential disc in M in the following sense. Suppose that D
is a separating essential disc and M−N (D) = M1unionsqM2. If M ′i = Mi∪N (D)
for i = 1, 2, then pi1(M) ∼= i∗(pi1(M ′1)) ∗ i∗(pi1(M ′2)), where i is inclusion and
the base point is chosen to lie in D. In this case, we say that D realizes the
splitting of the fundamental group. As we can move the basepoint around,
this is only well-defined up to conjugation. If D is a non-separating essential
disc and M1 = M −N (D), then pi1(M) ∼= i∗(pi1(M ′1)) ∗{1} . We say that D
realizes this HNN-extension.
Lemma 2.1 (Lee [20], Lemma 2). Let M be a compression body and let
pi1(M) = A ∗B be a nontrivial splitting of pi1(M) into a free product. Then,
the splitting is realizable by an essential disc.
Lemma 2.2. Let M be a compression body. Any splitting of the form
pi1(M) ∼= A∗{1} is realizable by an essential disc.
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Proof. Recall that A∗{1} is isomorphic to A ∗ Z. By Lemma 2.1, we can
realize the latter splitting by an essential disc D′. Then, D′ separates M,
into two components C1 and C2, where pi1(C1) is conjugate to A and C2, is
a compact, oriented, irreducible 3-manifold with infinite cyclic fundamental
group, i.e. a solid torus. Then, the essential disc D in the solid torus,
realizes the original splitting. 
2.2. Separable-stable representations. In a free group, an element is
called primitive if it can be completed to a free generating set and an element
is separable if it lies in a free factor. The notion of separability is originally
due to Stallings ([29]) in his study of separable sets in free groups that
generalized Whitehead’s ([32]) study of primitive elements of free groups.
Although the notion of a primitive element does not generalize to other
freely decomposable groups, the notion of a separable element does.
Definition 2.3. If M is a compression body that is not uniquely freely de-
composable, then an element in pi1(M) is separable if it lies in a proper
factor of a decomposition of pi1(M) into a nontrivial free product. If M is
the boundary connect sum of two trivial I-bundles over closed surfaces S1
and S2, then an element in pi1(M) is separable if it lies in a factor of a
decomposition pi1(M) = A ∗〈c〉 B where c is homotopic to a simple closed
curve on S1 or S2
One can think of separability in the following geometric way. If M is not
uniquely freely decomposable, by Lemma 2.1, an element g of pi1(M) lies in
a proper factor of a free decomposition if and only if its associated curve
in M is homotopic to one that misses an essential disc. Similarly, lying in
a factor of a decomposition pi1(M) = A ∗〈c〉 B where c is homotopic to a
simple closed curve on S1 or S2 is equivalent to missing the corresponding
essential annulus c × I, up to homotopy. An essential annulus in M is a
properly embedded incompressible annulus that is not homotopic, relative
to its boundary, into the boundary of M.
Let Γ denote the fundamental group of M and let S be a finite symmetric
generating set for Γ. The Cayley graph of Γ with respect to S, denoted
CS(Γ), is a graph where the vertices are in one-to-one correspondence with
the elements of Γ and there is an edge between g and h if there exists an
element s in the generating set S such that gs = h. The group Γ acts
on CS(Γ) by left multiplication on the vertices. Since Γ is torsion-free and
Gromov hyperbolic each element g of Γ has two fixed points on ∂CS(Γ). For
each g in Γ, let g− and g+ denote the repelling and attracting fixed points
of g acting on ∂CS(Γ). Let LS(g) denote the set of geodesics connecting g−
and g+ and SS denote the set of geodesics l in CS(Γ) such that l is contained
in LS(g) for some separable element g.
Given a representation ρ : Γ→ PSL(2,C) and a basepoint x in H3, there
exists a unique ρ-equivariant map τρ,x : CS(Γ) → H3 taking the identity to
x and edges to geodesic segments.
SEPARABLE-STABLE REPRESENTATIONS 5
Definition 2.4. A representation ρ : Γ → PSL(2,C) is called (K,A)-
separable-stable if there exists a basepoint x in H3 such that τρ,x(l) is a
(K,A)-quasi-geodesic for any l in SS .
We will call ρ, a representation, separable-stable if there exists (K,A) such
that ρ is (K,A)-separable-stable. Separable-stability is independent of the
choice of basepoint in H3 and the choice of generators S for Γ, and separable-
stability is invariant under conjugation (see Lemma 16 in Lee [19]). The set
of separable-stable representations forms a domain of discontinuity for the
action of Out(pi1(M)) strictly larger than the interior of AH(M). Namely
the following is true.
Theorem 2.5 (Lee [20]). Let M be a nontrivial compression body without
toroidal boundary components. The outer automorphism group Out(pi1(M))
acts properly discontinuously on the set of separable-stable representations,
which contains the interior of AH(M) as well as points on the boundary of
AH(M).
2.3. The Whitehead graph. In this section, we describe Otal’s ([27]) gen-
eralization of the Whitehead graph for a free group to the Whitehead graph
for a compression body, which we will use in proving the sufficient condition.
Let M be a nontrivial compression body without toroidal boundary com-
ponents. A system of meridians α on M is a collection of pairwise non-
isotopic and pairwise disjoint meridians αi bounding discs Di such that
M \ (∪N (Di)) is a disjoint union of trivial I-bundles over closed surfaces,
where N (Di) is a regular neighborhood of Di.
By Thurston’s Hyperbolization Theorem (see Kapovich [13]) and Marden
([21]), we can fix σ a convex cocompact representation of pi1(M) such that
Nσ = Nσ ∪ ∂CNσ is homeomorphic to M , where ∂CNσ is the conformal
boundary of Nσ. Let Λ(σ) be the limit set of σ(Γ). Let µ be a closed subset
of Λ(σ)×Λ(σ) that is σ(Γ)-invariant and also invariant under switching the
two factors. In this paper, µ will be one of the following two examples.
• If γ is a closed geodesic in Nσ, then µγ is the set of endpoints of all
the lifts of γ.
• If λ is a lamination on ∂M that is in tight position with respect to
α, then µλ is the set of endpoints of all lifts of all leaves of λ.
See the discussion before Proposition 2.7 for the definition of a lamination
in tight position and Lemma 2.8 to see why µλ is well-defined.
Identify ∂M with ∂CNσ. Let α be a system of meridians bounding
the discs D = D1 ∪ · · · ∪ Dn and suppose Nσ − N (D) is the disjoint
union of Σ1 × I, . . . ,Σk × I where each Σi is a closed surface of genus
at least two. The Whitehead graph for M of µ with respect to α, de-
noted Wh(M,α, µ), is a collection of not necessarily connected graphs,
Wh(M,α, µ)Σ1 , . . . ,Wh(M,α, µ)Σk , where the elements in the collection
are in one-to-one correspondence with the components of Nσ − N (D). In
Nσ − N (D), there are two copies D+i and D−i of each Di in D. Given a
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component Σ × I of Nσ − N (D), the vertices in the corresponding graph
Wh(M,µ, α)Σ are in one-to-one correspondence with the components of D±i
in the frontier of Σ × I. Abusing notation, relabel the vertices D1, . . . Dm.
Fix a Jordan curve C in Λ(σ(Γ)) that is invariant under a conjugate of
pi1(Σ), which we will continue to denote pi1(Σ). Let F denote the boundary
component of Σ × I coming from ∂eM . Fix a lift ∂˜Di of each ∂Di in ∂H3
such that ∂˜Di lies in the component of the preimage of F in ∂H3 containing
C on its boundary. Let Ui be the open set in ∂H3, bounded by ∂˜Di not
containing C. The edges from Di to Dj will be in one-to-one correspon-
dence with elements g in pi1(Σ) such that (Ui, gUj)∩µ is nonempty. We will
denote such an edge (Ui, gUj). Although these edges are directed, for each
edge from Ui to Uj labeled g, there is an edge from Uj to Ui labeled g
−1.
Definition 2.6 (Otal). A connected component of Wh(M,α, µ)Σ is strongly
connected if there exists a cycle that represents a nontrivial element of
pi1(Σ). A connected component of Wh(M,α, µ)
Σ has a strong cutpoint if we
can express the graph as the union of two graphs G1 and G2 that intersect
in a single vertex such that either G1 or G2 is not strongly connected.
We take the convention that a cycle
(Ui1 , g1Ui2), (Ui2 , g2Ui3), . . . , (Uik , gkUi1)
corresponds to the group element g1 · · · gk.
Although we made several choices when defining Wh(M,α, µ), the two
properties defined above, strong connectedness and the presence of a strong
cutpoint are independent of these choices (see Section 3.1.2 in Lee [20]).
2.4. Laminations in tight position. Otal in [27], also, gave a dichotomy
between the Whitehead graph of a separable element and the Whitehead
graph of a disc-busting lamination in tight position with respect to a system
of meridians. In this section, we define and collect the relevant properties of
a lamination in tight position. The results in this section are essentially all
due to Otal in [27]. Since [27] is difficult to obtain for each result we either
give an alternate source containing a proof or we provide a proof.
A lamination λ is in tight position with respect to a system of meridians
α if there are no waves disjoint from λ where a wave is an arc k satisfying
the following two conditions:
(1) k has endpoints on α, but its interior is disjoint from α and,
(2) k is homotopic, relative to its endpoints, in M but not in ∂M into
α.
For any disc-busting lamination λ we can find a system of meridians α
such that λ is in tight position with respect to α. Otal proved this for Masur
domain laminations but his proof applies in this more general case.
Proposition 2.7 (Otal [27], Theorem 1.3). If λ is a disc-busting lamination,
there exists a system of meridians α with respect to which λ is in tight
position.
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Proof. Suppose that λ is not in tight position with respect to a system of
meridians α. Let k be a wave and suppose its endpoints lie on αi. Then the
endpoints of k split αi into two arcs k
′ and k′′ such that αi = k′ ∪ k′′ and
k′ ∩ k′′ are the endpoints of k. Since k is homotopic into αi through M but
not in ∂M, we have that α′i = k ∪ k′ and α′′i = k ∪ k′′ are both meridians.
Since λ is disc-busting, i(λ, α′i) > η and i(λ, α
′′
i ) > η. By construction both
α′i and α
′′
i are disjoint from αj for any j. Replacing αi with either α
′
i or
α′′i will produce a new collection of meridians α
′ and α′′ respectively, whose
intersection number with λ is at least η less than i(λ, α).
We claim that at least one of these new collections of meridians α′ or α′′ is
a system of meridians. By construction αi, α
′
i and α
′′
i bound a pair of pants
on ∂M. Since they are all meridians and M is irreducible, the discs they
bound, Di, D
′
i and D
′′
i , bound a ball in M . So M−(Di∪D′i∪D′′i ) contains a
component that is a ball B. We will use a + superscript to denote the copy
of Di (or D
′
i, D
′′
i ) that lies on the boundary of the ball, i.e. D
+
i , D
′+
i , D
′′+
i
lie on the boundary of B. Since M − D is a collection of trivial I-bundles
over closed surfaces, M − (D ∪ D′i ∪ D′′i ) must consist of a collection of
trivial I-bundles over closed surfaces and two balls, one of which is the ball
B described above. The other ball must contain either D′−i or D
′′−
i on its
boundary (possibly both). If it contains D′−i , then α
′′ will be a system of
meridians, and vice versa.
So, replacing αi with one of α
′
i and α
′′
i results in a system of meridians
whose intersection number with λ is at least η less than i(λ, α). If λ is not
in tight position with respect to this new system of meridians, repeat this
process. Since i(λ, β) ≥ η for any system of meridians β, eventually, this
process must terminate. 
An important property of disc-busting, minimal laminations in tight po-
sition with respect to a system of meridians α is that any lift of a leaf has
well-defined endpoints.
Lemma 2.8 (Kleineidam-Souto [15], Lemma 1 or Otal [27], Lemma 1.9).
Let M be a nontrivial compression body. Let σ : pi1(M) → PSL(2,C) be
a convex cocompact representation uniformizing M . Let λ be a lamination
on ∂CNσ in tight position with respect to α. Let l be a leaf λ such that any
half leaf of l intersects α. Then, any lift l˜ of l to ∂˜CNσ has two well-defined
endpoints in Λ(σ).
Propositions 2.7 and Lemma 2.8 imply that if λ is a disc-busting ending
lamination, then µλ, the set of endpoints of lifts of leaves of λ, is well-defined.
In particular, we will refer to the Whitehead graph of λ as the Whitehead
graph of µλ.
Otal proved the following two results, which provide a dichotomy between
separable elements and disc-busting laminations.
Proposition 2.9 (Otal [27], Proposition A.3 or see Lee [20], Proposition
18). Let M be a nontrivial compression body that is not the boundary connect
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sum of two trivial I-bundles over closed surfaces. If g is separable, then for
any system of meridians α some connected component of Wh(M,α, µg) is
either not strongly connected, or has a strong cut-point.
Proposition 2.10 (Otal [27], Proposition A.5 or see Lee [20], Proposition
19). If λ is a disc-busting lamination in tight position with respect to a
system of meridians α, then the Whitehead graph of λ with respect to α is
strongly connected and without strong cutpoints.
In [27], Otal states Proposition 2.10 only for Masur domain laminations,
but in fact his proof applies in this more general case.
3. Other homeomorphism types
In general, for ρ : pi1(M) → PSL(2,C), a discrete and faithful represen-
tation, the associated hyperbolic 3-manifold Nρ will be homotopy equiv-
alent but not necessarily homeomorphic to M. Since Otal’s results only
apply in the case when M is a compression body, in this section we asso-
ciate a Whitehead graph to any hyperbolizable 3-manifold M ′ homotopy
equivalent, but not necessarily homeomorphic to M . We can do this by
using the characteristic compression body introduced by Bonahon in [2].
We also describe how to compare Whitehead graphs for M and M ′. Let
A(M) denote the set of compact, orientable, irreducible, atoroidal (un-
marked) 3-manifolds homotopy equivalent to M , up to homeomorphism.
Let [M0], . . . , [Mn] be the elements in A(M), where M0 is homeomorphic to
M. For each Mi fix a convex cocompact representation σi such that Nσi is
homeomorphic to the interior of Mi. Let τi : CS(Γ)→ H3 be an orbit map for
σi as in the definition of separable-stable representations where Γ = pi1(M).
Then, τi is a quasi-isometric embedding and there is a continuous exten-
sion, ∂τi : ∂CS(Γ)→ Λ(σi) which is a homeomorphism. We suppressed the
basepoint in τi since ∂τi is independent of the choice of basepoint. Then, let
Ti = ∂τ0 ◦ ∂τ−1i : Λ(σi)→ Λ(σ0)
be the homeomorphism from Λ(σi) to Λ(σ0).
In order to compare the Whitehead graph of M0 and Mi we need a way
to compare systems of meridians on the two manifolds. Define a map Fi :
Mi →M0 from the set Mi of unweighted meridians on Mi to the set M0
of unweighted meridians on M0 in the following way (see Figure 1).
Let Dα denote the essential disc bounded by α. First suppose that α is
a meridian in Mi such that Dα separates Mi. Then, Dα realizes a splitting
pi1(M) = A ∗ B, up to conjugation. In M0 we can realize the splitting by
an essential disc D′. Let Fi(α) be the boundary of D′. This is well-defined
up to isotopy. Indeed if we consider Fi(α) on the conformal boundary of
Nσ0 , then some lift F˜i(α) separates ∂H3 into two components one of which
contains all the attracting fixed points of any element whose reduced word
representation starts with an element in A and the other contains all the
attracting fixed points of any element whose reduced word representation
SEPARABLE-STABLE REPRESENTATIONS 9
Fi(α1) Fi(α2)α1
α2
M0Mi
Vi
1
Figure 1. The system of meridians {α1, α2} on the charac-
teristic compression body Vi of Mi is mapped to the system
of meridians {Fi(α1), Fi(α2)} on M0.
starts with an element in B. Since such points are dense in Λ(σ0), this
determines F˜i(α), up to isotopy on ∂M˜ ⊂ ∂H3.
Now suppose that Dα is non-separating. Then, Dα realizes an HNN
extension, pi1(M) ∼= A ∗{1} . By Lemma 2.2, we can realize such a splitting
in M0 by an essential disc D
′. As before, let Fi(α) be the boundary of D′.
Again, to see that Fi(α) is well-defined notice that some lift F˜i(α) separates
∂H3 into two components one of which contains all the attracting fixed
points of any element whose reduced word representation starts with an
element of A or t and the other contains all the attracting fixed points of
any element whose reduced word representation starts with t−1, where t is
the new generator associated to the HNN-extension.
Any manifold M with compressible boundary has a characteristic com-
pression body V , unique up to isotopy that has the following properties (see
Bonahon [2] or McCullough-Miller [23]). The exterior boundary of V co-
incides with ∂M . The closure of M − V contains no essential compression
discs and no component of M − V is a 3-ball.
Let Vi denote the characteristic compression body of Mi, with any trivial
compression body components removed.
Lemma 3.1. Let α1, . . . αn be a system of meridians on Vi. Then, the col-
lection of meridians Fi(α1), . . . , Fi(αn) is a system of meridians on M0.
Proof. First we will show that the meridians Fi(α1), . . . , Fi(αn) can be re-
alized such that they are pairwise disjoint and pairwise nonisotopic. To
see that we can realize Fi(αj) and Fi(αk) disjointly, observe that since αj
and αk are disjoint, any two lifts α˜j and α˜k, have the property that there
exist Uj a component of ∂H3 − α˜j and Uk a component of ∂H3 − α˜k such
that Uj ∩ Λ(σi) and Uk ∩ Λ(σi) are each non-empty and disjoint from each
other. There exists lifts F˜i(αj) and F˜i(αk) and components U
′
j and U
′
k of
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∂H3 − F˜i(αj) and ∂H3 − F˜i(αk), respectively, such that
Ti(Uj ∩ Λ(σi)) = U ′j ∩ Λ(σ0)
and
Ti(Uk ∩ Λ(σi)) = U ′k ∩ Λ(σ0).
Then, we can homotope, Fi(αj) and Fi(αk) to be disjoint.
To see that Fi(αj) and Fi(αk) are not isotopic, notice that if they were
isotopic, then there exists lifts F˜i(αj) and F˜i(αk) that bound a region in
∂H3 containing no limit points. Then, the same would be true about the
corresponding lifts α˜j and α˜k, which contradicts that they are not isotopic.
Let DFi(αj) be the disc bounded by Fi(αj) in M0. Finally, we want to see
that
M0 − (
⋃
j
N (DFi(αj)))
is a collection of trivial I-bundles over closed surfaces. We will first show
that Mi − ∪N (Dαj ) is a collection of trivial I-bundles over closed surfaces.
Recall that Mi = Vi ∪Wi, where Vi is the characteristic compression body
and Wi has incompressible boundary. By definition, Vi − ∪N (Dαj ) is a
collection of trivial I-bundles over closed surfaces.
We claim that the components of Wi are all trivial I-bundles over closed
surfaces. Let C be a component of Wi, and let T be a component of ∂C.
Since C has incompressible boundary and cannot be a 3-ball, we have that
pi1(C) lies in a surface group factor of some maximal free decomposition of
pi1(M) i.e. pi1(C) is a subgroup of some pi1(S). The image of pi1(T ) must be
finite index in pi1(S) since they are both closed surface groups. This implies
that pi1(T ) is finite index in pi1(C), which in turn implies that C is an I-
bundle (Theorem 10.5 in Hempel [11]). So C is either a trivial I-bundle or
twisted I-bundle. It remains to check that C cannot be a twisted I-bundle.
If C were a twisted I-bundle, then the fundamental group of C would be
the fundamental group of a non-orientable surface, but this is impossible as
pi1(C) is finite index in pi1(S). So, we have shown that the components of
Wi are all trivial I-bundles over surfaces. Now Mi −∪N (Dαj ) is formed by
gluing Wi and Vi −∪N (Dαj ) along their boundaries, so the result will be a
collection of trivial I-bundles over closed surfaces.
Now, consider C0 a component of M0−∪DFi(αj). We want to see that C0
is a trivial I-bundle over a closed surface. If not, then either C0 is a 3-ball,
or C0 has compressible boundary. In the former case, let Fi(α1), . . . , Fi(αn)
be the components of Fi(α) that lie on the boundary of C0 (notice that we
can have two copies of αj on the boundary of C0, relabel accordingly). Fix
a lift C˜0 of C0. Then, the corresponding lifts F˜i(α1), . . . , F˜i(αn) bound a
connected region in ∂H3 containing no limit points. The corresponding lifts
of α˜1, . . . , α˜n of α would have the same property. This implies that there is
a 3-ball component of Mi − ∪Dαj , a contradiction.
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If C0 has compressible boundary, then there exists a closed curve γ in C0
such that γ does not lie in any surface group factor of a free decomposition
of pi1(M). Moreover, any lift γ˜ of γ has the property that both endpoints lie
in the same component of ∂H3− F˜i(αj) for any lift of any αj , since γ misses
any Fi(αj). Then, we would also have that γ˜ has both endpoints in the same
component of ∂H3 − α˜j . So, γ misses all the meridians αj , a contradiction,
since Mi − ∪Dαj consists of trivial I-bundles over closed surfaces. 
Using Lemma 3.1 we can compare the Whitehead graphs of Vi and M0.
Recall from Section 2.3 the definition of the Whitehead graph of a compres-
sion body. For µ ⊂ Λ(σi) × Λ(σi), we will abuse notation, and let Ti(µ)
denote the image of µ under Ti × Ti : Λ(σi)× Λ(σi)→ Λ(σ0)× Λ(σ0).
Lemma 3.2. Let Mi lie in A(M) and let Vi be the characteristic compres-
sion body of Mi. If Wh(Vi, α, µ) is strongly connected and without strong cut-
point, then Wh(M0, Fi(α), Ti(µ)) is strongly connected and without strong
cutpoint.
Proof. Recall that we have a Γ-equivariant homeomorphism Ti : Λ(σi) →
Λ(σ0). Although Ti is only defined on the limit set of σi, it induces a natural
map on lifts of α1, . . . , αn to lifts of Fi(α1), . . . Fi(αn). For example, given a
lift α˜j of αj , there exists a corresponding lift F˜i(αj) of F (αj) that partitions
Λ(σ0) in the same way as α˜j via Ti. We’ll abuse notation to denote such a
lift F˜ (αj) as Ti(α˜j). More precisely, suppose that ∂H3− α˜j = V1unionsqV2. Then,
Ti(α˜j) is the lift F˜i(αj) of Fi(αj) such that if ∂H3− F˜i(αj) = W1unionsqW2, then
Ti(Vk ∩ Λ(σi)) = Wk ∩ Λ(σ0) where k = 1, 2, up to switching W1 and W2.
Suppose that Σ×I is a component of Vi−∪Dαj . Recall that when defining
the Whitehead graph, we fixed C a Jordan curve in ∂H3 invariant under
pi1(Σ). We let F denote the boundary component of Σ × I intersecting α
and we fixed the lift F˜ of F whose boundary is C. If α˜j corresponds to a
vertex of Wh(Vi, α, µ)
Σ, then map it to Ti(α˜j).
We want to show that this is a well-defined map on the vertices. First
notice that since {Fi(αj)} is a system of meridians, M0 − ∪DFi(αj) consists
of trivial I-bundles over surfaces. One of these components Σ′ × I must
have fundamental group conjugate to pi1(Σ), by the uniqueness of the free
decomposition of pi1(M) (see Section 2.1). Let C
′ be the Jordan curve
invariant under pi1(Σ). Note that Ti(C) = C
′. Let F ′ be the component of
Σ×I intersecting Fi(α) and let F˜ ′ denote the component of the preimage of
F ′ with C ′ on its boundary. Then, we claim that Ti(α˜j) lies on F˜ ′. Indeed,
this is clear from the fact that Ti(α˜j) partitions Λ(σ0) in the same way as
α˜j via Ti, as described above. So we see that the map on the vertices is
well-defined.
Now suppose that (Uj , gUk) is an edge in Wh(Vi, α, µ). This implies that
the intersection of µ and (Uj × gUk) is nonempty. By construction, this is
true if and only if the same is true for Ti(µ) and Ti(Uj) × gTi(Uk). So, we
12 INKANG KIM AND MICHELLE LEE
have a bijection between the Whitehead graph of Wh(Vi, α, µ) and that of
Wh(M0, Fi(α), Ti(µ)) where an edge in Wh(Vi, α, µ) labeled g is mapped to
an edge in Wh(M0, Fi(α), Ti(µ)) with the same label. In particular, we see
that Wh(Vi, α, µ) is strongly connected and without cutpoint if and only if
the same is true for Wh(M0, Fi(α), Ti(µ)). 
4. Cannon-Thurston maps
Recently, Mj ([26]) has proved the existence of Cannon-Thurston maps
for general Kleinian groups. In particular, given a Kleinian group Γ and a
discrete and faithful representation ρ : Γ→PSL(2,C), he showed that there
exists a continuous extension τ¯ρ,x : CS(Γ) ∪ ∂CS(Γ) → H3 ∪ ∂H3 of τρ,x.
Moreover, he gives a characterization, which we describe below, of which
points are mapped non-injectively by τ¯ρ,x.
Before stating Mj’s result we recall some facts from hyperbolic geometry
that we will need. We will restrict to the case that Γ has no non-cyclic
abelian subgroups since this is the case in this paper.
There exists a constant µ3, called the Margulis constant, such that for
any hyperbolic 3-manfiold, and any  > µ3, each component of the -thin
part of N is a metric neighborhood of a closed geodesic or a parabolic cusp
homeomorphic to S1 × R × (0,∞). Given  < µ3 the non-cuspidal part
of Nρ, denoted (Nρ)

0, is the submanifold of Nρ obtained by removing the
noncompact components of the -thin part of Nρ.
When ρ(Γ) has parabolics, Nρ = H3/ρ(Γ) has a relative compact core,
C, that is a compact submanifold whose inclusion is a homotopy equiva-
lence and that intersects each cusp neighborhood along an annulus whose
core curve we call a parabolic curve (McCullough [22]). Let P denote the
union of these annuli. Moreover, by the Tameness (Agol [1] or Calegari-
Gabai [3]) and the uniqueness of cores (McCullough-Miller-Swarup [24]) Nρ
is homeomorphic to the interior of C.
Each frontier component Si of ∂C − P in (Nρ)0 faces an end Ei with a
well-defined ending lamination λi, obtained from taking the support of a
projective limit of any sequence of simple closed geodesics exiting the end
Ei. The ending lamination λi is a filling minimal lamination on Si (Canary
[4]).
Let λ′ ⊂ ∂C be the union of λi and the parabolic curves, and assume
that each is disc-busting. If we fix a convex cocompact structure Nσ on C,
then we can identify λ′ with a geodesic lamination on ∂CNσ. By Lemma
2.8 any lift l˜ of a leaf l of λi for any i has two well defined endpoints at
infinity on Λ(σ(Γ)). Since σ is convex cocompact, we can identify ∂CS(Γ)
with Λ(σ(Γ)). We introduce a relation R for points in Λ(σ(Γ)) (and so also
on ∂CS(Γ)) such that aRb if and only if either a and b are the endpoints
of a leaf of λ˜′ or ideal vertices of a complementary region of λ˜′. In contrast
to the case of groups without parabolics, there are complementary regions
of Λ˜ which are ideal polygons with infinitely many sides. These are exactly
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regions touching lifts of parabolic curves, which are isolated leaves. The
relation R may not be transitive. We define R˜ to be the transitive closure
of R, which is an equivalence relation.
Mj’s theorem about the identified points of a Cannon-Thurston map can
be adapted to our case as follows.
Theorem 4.1 (Mj [26]). Let ρ : Γ→PSL(2,C) be a discrete and faithful
representation. The identification of CS(Γ) with its image under τρ,x extends
continuously to a map τ¯ρ,x : CS(Γ) ∪ ∂CS(Γ) → H3 ∪ ∂H3. Moreover, for
a, b ∈ ∂CS(Γ), we have τ¯ρ,x(a) = τ¯ρ,x(b) if and only if aR˜b.
5. Sufficient condition
In this section, we use the dichotomy between the Whitehead graph of
a separable element and a disc-busting lamination to show the sufficient
condition of Theorem 1.1, namely that when pi1(M) is not uniquely freely
decomposable, a representation is separable-stable if each end invariant is
disc-busting. For the sufficient condition, we’ll use Mj’s result described in
the previous section. The following lemma, whose proof can be found in Lee
[20] Lemma 21, sets the stage for using Mj’s result.
Lemma 5.1. Let ρ : pi1(M)→ PSL(2,C) be discrete and faithful. If ρ is not
separable-stable, then there exists a sequence of separable elements gi such
that if g+i and g
−
i are the endpoints of gi, then τ¯ρ(g
+
i ) and τ¯ρ(g
−
i ) converge,
up to subsequence, to the same point in ∂H3, but g+i and g
−
i converge to z
+
and z− in ∂CS(G) where z+ 6= z−.
Proposition 5.2. Let M be a nontrivial compression body, without toroidal
boundary components, that is not the boundary connect sum of two trivial
I-bundles over closed surfaces. Let ρ : pi1(M)→ PSL(2,C) be a discrete and
faithful representation. If each parabolic locus and ending lamination of Nρ
is disc-busting, then ρ is separable-stable.
Notice that the statement of the above proposition does not make any
assumption about the homeomorphism type of Nρ.
Proof. Suppose that Nρ is homeomorphic to the interior of Mk where [Mk] ∈
A(M). Let λ1, . . . , λn be the union of the parabolic loci and ending lamina-
tions on ∂Mk. If ρ is not separable-stable, then by Lemma 5.1 there exists a
sequence of separable elements gi such that the fixed points of gi in ∂CS(Γ)
converge to z+ and z−, but the endpoints of ρ(gi) converge to the same
point in ∂H3. By Theorem 4.1 we have that τ¯k(z+) and τ¯k(z−) are each an
endpoint of a leaf of one of the end invariants, although not necessarily the
same end-invariant. Suppose that τ¯k(z
+) contains an endpoint of a leaf of
λ = λj .
Let µ∞ ⊂ Λ(σk)× Λ(σk) be the set of limit points of {µσk(gi)}. Then µ∞
is σk(Γ)-invariant and also invariant under switching the two factors. More-
over, (τ¯k(z
+), τ¯k(z
−)) lies in µ∞. This implies that Wh(Vk, α, µ∞) contains
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Wh(Vk, α, µλ) for any system of meridians α (see the proof of Proposition
22 in Lee [20]).
Fix a system of meridians α such that λ is in tight position with respect
to α. Then, Wh(Vk, α, µλ) is strongly connected and without any strong
cutpoints by Proposition 2.10.
By Lemma 3.2, the Whitehead graph Wh(M0, Fk(α), Tk(µλ)) is strongly
connected and without strong cutpoint. Observe that Wh(Vk, α, µλ) is
a finite graph since edges correspond to homotopy classes of arcs in λ,
so Wh(M0, Fk(α), Tk(µλ)) is also finite. Since the graph Wh(Vk, α, µ∞)
contains Wh(Vk, α, µλ), for i large enough Wh(Vk, α, µσk(gi)) contains the
Whitehead graph Wh(Vk, α, µλ). This implies Wh(M0, Fk(α), Tk(µσk(gi)))
contains Wh(M0, Fk(α), Tk(µλ)), for i large enough. But then the White-
head graph Wh(M0, Fk(α), Tk(µσk(gi))) is strongly connected and without
strong cutpoint. Notice, that Tk(µσk(gi)) is the same as µ(σ0(gi)). This con-
tradicts Proposition 2.9. 
6. Necessary condition
In this section, we show that when pi1(M) is not uniquely freely decom-
posable, if ρ : pi1(M)→ PSL(2,C) is discrete and faithful, then the condition
that each end invariant of Nρ is disc-busting is also necessary. Notice that
if each end invariant is disc-busting, then, in particular, Nρ contains only
one compressible boundary component. We will make use of the following
characterization of which discrete and faithful representations are separable-
stable.
Lemma 6.1 (Lee [20], Lemma 20). Let ρ : pi1(M)→ PSL(2,C) be discrete
and faithful. Then, ρ is separable-stable if and only if every separable curve is
homotopic to a closed geodesic and the set of separable geodesics is contained
in a compact set of Nρ.
If λ is a minimal lamination that is not a simple closed curve, then S(λ),
the supporting surface of λ, is the unique minimal compact subsurface with
geodesic boundary containing λ. Let C(λ) be the unique, up to isotopy,
maximum, simple, multi-curve of S(λ) disjoint from λ. The multi-curve
C(λ) contains ∂S(λ).
Proposition 6.2. Let M be a nontrivial compression body, without toroidal
boundary components, that is not the boundary connect sum of two trivial
I-bundles over closed surfaces. Suppose ρ : pi1(M)→PSL(2,C) is a discrete
and faithful representation. If ρ is separable-stable, then each end invariant
of Nρ is disc-busting.
The proof of the necessary condition follows almost exactly the proof in
the case when M is a handlebody from Jeon-Kim-Ohshika-Lecuire [12] (see
section 5). We include it here for completeness.
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Proof. By Lemma 6.1, if a representation maps a separable element of Γ to
a parabolic element in PSL(2,C), then the representation is not separable-
stable. Since any disc-dodging, closed curve is separable, if there is a disc-
dodging parabolic curve in Nρ, then ρ is not separable-stable. So we may
assume that each parabolic curve is disc-busting.
Similarly, if there exists an ending lamination λ that misses an essential
disc D, then λ is the limit of separable elements. In particular, there exists a
sequence of separable elements exiting every compact set of Nρ. By Lemma
6.1, ρ is not separable-stable. So, we may also assume that i(λ, ∂D) > 0 for
any essential disc D and any ending lamination λ of Nρ.
Then, Proposition 6.2 follows from the following two lemmas whose proofs
we include below. We first explain how the necessary condition follows
from the following two lemmas, and we include the proofs of the lemmas,
afterwards.
Lemma 6.3 (Jeon-Kim-Ohshika-Lecuire [12] Lemma 5.2). Let M have com-
pressible boundary. For any essential annulus A in M , there is a meridian
which is disjoint from A.
Lemma 6.4 (Jeon-Kim-Ohshika-Lecuire [12], Lemma 5.3). Let ρ : pi1(M)→
PSL(2,C) be discrete and faithful. Suppose that λ is a disc-dodging ending
lamination of Nρ. If some component c of C(λ) is disc-busting, then λ is the
unique minimal component in the Hausdorff limit of a sequence ∂Ai, where
Ai is an essential annulus.
Indeed, by Lemma 6.4, if Nρ has an ending lamination that is disc-
dodging, then there exists a sequence of simple closed curves γi, that are
homotopic to core curves of essential annuli, such that {γi} exits every com-
pact set. By Lemma 6.3 these curves are separable. Hence, there exists a
sequence of separable curves exiting every compact set. By Lemma 6.1, the
representation is not separable-stable.

Proof of Lemma 6.3. Let A be an essential annulus in M. Since M has com-
pressible boundary there exists an essential disc D. We can isotope D so that
there are no inessential intersections between D and A. If D ∩ A = ∅, then
the boundary of D is a meridian disjoint from A. If not, consider an outer-
most arc k in D∩A. Then, k together with an arc in ∂D bounds a disc ∆. If
both of the endpoints of k lie on the same component of ∂A, then together
with an arc in ∂A, the arc k cuts off a disc ∆′ from A, and ∆ ∪ ∆′ is an
essential disc which can be isotoped off A. If k connects two components of
∂A, then we can boundary-compress A along ∆, and to get an essential disc
disjoint from A. 
Proof of Lemma 6.4. The proof of Lemma 6.4 makes use of a result of
Lecuire in [17] that states the following. If M is a compact hyperbolizable
3-manifold, and there exists a lamination λ′ ⊂ ∂M such that
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(A) each closed leaf has weight at most pi and
(B) for any compressing disc D, we have i(λ′, ∂D) > 2pi
then, the following two conditions are equivalent.
(C) There exists η such that i(λ′, ∂A) ≥ η for any essential annulus A.
(C’) If r1 and r2 are disjoint geodesic rays on ∂M −λ′ such that two lifts
r˜1 and r˜2 share the same endpoint in ∂H3, then they are asymptotic.
The first step is finding a lamination containing λ that satisfies the first
two conditions (A) and (B). Let λ0 be the union of λ and C(λ), where we
place a weight of pi on each closed curve. If there exists an essential annulus
A that is disjoint from λ0, then cut M along A and let M1 be the component
containing λ. We claim that λ is still disc-dodging on M1. Indeed, suppose
that mi is a sequence of meridians on M such that i(λ,mi) → 0. Then, as
in the proof of Lemma 6.3 we can find a sequence of meridians m1,i, disjoint
from A, such that i(λ,m1,i) ≤ 2i(λ,mi). Hence, λ is still disc dodging on
M1. Let λ1 be the union of λ0 and the core curve or curves of A, depending
on whether A separates M . Put a weight of pi on each core curve that is
added. Notice that this new sequence of meridians also has the property
that i(λ1,m1,i) = i(λ1 ∩ S(λ),m1,i).
If there exists an essential annulus on M1 disjoint from λ1, we repeat
the procedure above. Since there exists at most finitely many disjoint non-
isotopic essential annuli on M, this procedure must terminate. Let M∞
be the manifold obtained at the end of this procedure, and let λ∞ be the
corresponding lamination. Then, any closed leaf has weight at most pi, by
construction. To see that i(λ∞, ∂D) > 2pi for any essential disc D, it suffices
to show that ∂D intersects an element in C(λ) twice. Indeed, this implies
that i(C(λ), ∂D) ≥ 2pi and since i(λ, ∂D) > 0, we have that i(λ∞, ∂D) > 2pi.
Since there is a disc-busting component c of C(λ), we know that c intersects
D at least once. If c intersects D exactly once, then a regular neighborhood
of c∪D is a solid torus, V. We can form an essential disc missing c by taking
the closure of ∂V − ∂M∞, a contradiction since c is disc-busting. So λ∞
satisfies conditions (A) and (B) above.
Secondly, we want to find two geodesic rays satisfying the hypothesis
of condition (C ′) above. Namely, we want to find two disjoint, geodesic
rays on ∂M∞ − λ∞ that have lifts with a common endpoint in ∂H3. Recall
that there exists a sequence of meridians m′i such that i(λ,m
′
i) → 0 and
i(λ∞,m′i) = i(λ∞∩S(λ),m′i). Up to subsequence, m′i converges to a geodesic
lamination µ, in the Hausdorff topology. By Casson’s criterion (see Casson-
Long [7] or Theoreme B1 in Lecuire [17]), µ contains a homoclinic leaf h.
We want to show that h has two half-leaves h+ and h− that are disjoint
from λ∞. Then, if c is the disc-busting component in C(λ), we have that h+
and h− will lie on ∂M∞− c. Since ∂M∞− c is an incompressible subsurface,
any lift h˜± has a well-defined endpoint in ∂∞Γ′, where Γ′ is the subgroup of
pi1(M∞) corresponding to the subsurface ∂M∞ − c. Since h is homoclinic,
h+ and h− must have the same endpoint.
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To see why two such half-leaves exist, first note that if h intersects λ
transversely, then it contains an arc k such that
∫
k dλ > 0. This implies
that for i large enough, i(λ,m′i) ≥
∫
k dλ, which is a contradiction since
i(λ,m′i) → 0. So h does not intersect λ transversely. It follows that h has
two half-leaves h± that are disjoint from λ ∪ C(λ). Similarly, if h intersects
a leaf γ of λ∞ outside of S(λ), then i(γ,m′i) ≥ pi for i large enough, a
contradiction since i(λ∞,m′i) = i(λ∞ ∩ S(λ),m′i). So h has two half-leaves
h± that are disjoint from λ∞.
Next, we want to see that λ∞ does not satisfy condition (C’) above.
Indeed we want to show that if we take lifts h˜+ and h˜− with the same
endpoint, then they are not asymptotic. Suppose they are asymptotic and
take a sequence of geodesic arcs k˜n joining h˜
+ and h˜− such that the length
of k˜n goes to zero. Let kn be the projection of k˜n to ∂M∞. Then
∫
kn
dλ→ 0
since λ is minimal and not a simple closed curve. Since h˜+ and h˜− are
asymptotic and do not transversely intersect λ we can assume that kn are
homotopic relative to their endpoints and that the homotopy is through arcs
transverse to λ. Then, we must have
∫
kn
dλ = 0 for all n. In particular, the
arc k1 is disjoint from λ. Then, adjusting h
± so that it begins at k1 ∩ h, if
we take k˜1 ∪ (h˜\h˜±) this projects to a nontrivial curve m on ∂M∞ disjoint
from λ that is trivial in M∞. It follows from the proof of Dehn’s Lemma
that there is a compressing disc disjoint from λ, a contradiction.
Since condition (C’) is not true, we have that condition (C) is also not
true. In particular, there exists a sequence Ai of essential annuli such that
i(λ∞, ∂Ai)→ 0. Since each component of λ∞\λ is a closed curve with weight
pi, we have that i(λ∞\λ, ∂Ai) = 0 for i large enough. Up to subsequence,
∂Ai converges, in the Hausdorff topology, to a geodesic lamination ν. Then,
ν and λ cannot intersect transversely. Since i(λ, ∂Ai) 6= 0, we cannot have
that ν and λ are disjoint. Since i(λ∞\λ, ∂Ai) = 0 for i large enough, we
have that i(ν, C(λ)) = 0. In particular, ν lies on S(λ)\C(λ). Since λ is filling
on S(λ)\C(λ), we have that λ and ν coincide as geodesic laminations. Since
∂Ai is disjoint from all the essential annuli used to construct M∞, we can
view ν as a lamination on ∂M and we are done. 
7. The uniquely freely decomposable case
This section deals with the missing case when pi1(M) is uniquely freely
decomposable, i.e. when M is the boundary connect sum of S1 × I and
S2 × I, where Si is a closed surfaces of genus at least two for i = 1, 2. Here
an element of pi1(M) is separable if and only if it misses an essential annulus
in one of the two surface group factors.
By Lemma 6.3 for any essential annulus A, there exists an essential disc
disjoint from A. Since there is only one essential disc, D, up to isotopy, in
fact, A lies in one of the two surface group factors. If A is contained in
Si× I, then A is either an essential annulus in Si× I or homotopic (relative
to its boundary) into the boundary of Si× I. If the latter is true, since A is
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essential in M, if M −D = M1 unionsqM2 and A lies in M1, then ∂A bounds an
annulus in ∂M1 containing D. In either case, if a curve or lamination misses
A, it misses an essential annulus in S1 × I of S2 × I.
We will consider annulus-busting laminations on ∂M . Recall that a
measured lamination λ is annulus-busting if there exists an η such that
i(λ, ∂A) ≥ η > 0 for any essential annulus A.
Proposition 7.1. Let M be the boundary connect sum of S1×I and S2×I,
where S1 and S2 are closed surfaces of genus at least two. Let ρ : pi1(M)→
PSL(2,C) be discrete and faithful. Then, ρ is separable-stable if and only if
each end invariant of Nρ is annulus-busting.
Proof. We will start with the sufficient condition, and we will follow the
general outline of Proposition 5.2. In this case, we have the following sim-
plifications. Firstly, A(M) has only one element, i.e. any manifold homo-
topy equivalent to M is homeomorphic to M . Secondly, we have only one
meridian α. If λ is annulus-busting, then it must intersect α, and so it is
automatically in tight position with respect to α.
Now suppose that ρ : pi1(M)→ PSL(2,C) is a discrete and faithful repre-
sentation such that each end invariant and parabolic locus of Nρ is annulus-
busting. If ρ is not separable-stable, by Lemma 5.1, there exists a sequence
of separable elements gi with endpoints g
±
i such that g
+
i → z+, g−i → z−
and τ¯(z+) = τ¯(z−). Then, by Theorem 4.1, the image τ¯(z+) is an endpoint
of one of the end invariants λ. Here λ can either be an ending lamina-
tion or a simple closed curve that is mapped to a parabolic element under
ρ. As before, this implies that for i large enough Wh(M,α, µgi) contains
Wh(M,α, µλ). If λ is annulus-busting, then Wh(M,α, µλ) intersects each
essential annulus in the following sense.
Suppose that A is an annulus in Si × I. Let ∂A = c1 unionsq c2. In defining
the Whitehead graph, we fixed lifts S˜i of Si. If we take a lift c˜1 of c1 and
the lift c˜2 of c2 with the same endpoints as c˜1, then c˜1 ∪ c˜2 forms a loop in
∂H3. We will say that an edge e = (Ui, gUj) intersects A if there exists lifts
c˜1 and c˜2 in S˜i as above such that Ui and gUj lie in different components of
∂H3 − (c˜1 ∪ c˜2).
Since Wh(M,α, µgi) contains Wh(M,α, µλ) for i large enough, we have
that Wh(M,α, µgi) “intersects” any essential annulus. This implies that the
geodesic representative γi of gi intersects any essential annulus, a contradic-
tion.
For the necessary condition, suppose that ρ : pi1(M) → PSL(2,C) is a
discrete, faithful and separable-stable representation and some end invariant
of Nρ is annulus-dodging. If a parabolic curve c is annulus-dodging, then c
is separable, a contradiction to Lemma 6.1. So suppose that all parabolic
curves are annulus-busting, but there is an ending lamination λ that is
annulus-dodging. If λ is disjoint from an essential annulus A, then we can
find a sequence of separable elements approaching λ, a contradiction to
Lemma 6.1. So we can assume that (λ,A) > 0 for any essential annulus.
SEPARABLE-STABLE REPRESENTATIONS 19
Since λ is annulus-dodging, there exists a sequence Ai of essential annuli
such that i(λ, ∂Ai) → 0. Since each essential annulus misses the essential
disc, D, up to a subsequence, we can assume that Ai is contained in one of
the two surface group factors for all i. Without loss of generality, assume
that Ai is contained in S1×I, for all i. Let λ′ be the limit, up to subsequence,
of ∂Ai in PML(∂M) the space of projective measured laminations. Since
∂Ai is disjoint from the meridian for all i, so is λ
′. In particular, λ′ lies
on S1. Since i(λ, λ
′) = 0 either λ and λ′ are disjoint or λ ⊂ λ′ since λ is
minimal. If λ and λ′ are disjoint, then we can find a simple closed curve c on
S1 that is disjoint from λ. Then, c is the boundary of an essential annulus
Ac that misses λ, a contradiction. If λ ⊂ λ′, then λ lies on S1 and misses
any essential annulus in S2 × I, a contradiction. 
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